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Abstract
In this paper, robust optimization tool is proposed for nonlinear energy sinks used for the mitigation of friction-
induced vibrations due to mode coupling instability in braking systems. The study is based on a mechanical
system which is composed of two NESs coupled to the well-known two-degrees-of-freedom Hultèn’s model.
In such an unstable system coupled with NES, it is usual to observe a discontinuity in the steady-state am-
plitude profiles which separates the parameters space into two parts which contain mitigated and unmitigated
regimes respectively. We developed a methodology based on Multi-Element generalized Polynomial Chaos to
identify this discontinuity which allows us to determine the Propensity of the system to undergo a Harmless
Steady-State Regime (PHSSR). The objective of this work is, therefore, to maximize the value of PHSSR to
obtain an optimal design of the NESs. For that, several stochastic optimization problems are presented taking
into account the dispersion of the uncertain parameters.
Keywords: Brake squeal noise, Friction-induced vibrations, Nonlinear energy Sink, Uncertainties, Ro-
bust optimization

1 Introduction

Dynamic instability also named friction-induced vibrations is one of the important problem that the friction
system can confront. This phenomenon can appear by the generation of Limit Cycle Oscillation (LCO) induced
by dry friction. They are explained, in most studies of self-excited systems, by the coupling of the tangential
and normal modes [1, 2, 3]. As a way to model these dynamic instabilities related to friction, the well-known
two-degrees-of-freedom Hultèn’s model [4, 5] has been widely used and it is also considered in this paper.

The NES is a nonlinear spring mass damper with a strong cubic stiffness. It can adapt itself to the main
system that it is attached to without being tuned to a specific frequency. Its operation is based on the concept
of Targeted Energy Transfer (TET) which has become an important passive control technique for reducing or
eliminating unwanted vibrations [6, 7].

In this paper, two ungrounded NESs are used in order to mitigate or eliminate mode coupling instability in
the Hultèn’s model. In [8], the authors classified the steady-state response regimes in two main regimes related
to the dispersion of some uncertain parameters: the first are the mitigated regimes and the second are the un-
mitigated regimes. As usual in the context instability mitigation by means of NESs, the LCO amplitude profile
presents a discontinuity between these regimes which makes the NES potentially very sensitive to uncertainty.
For that, with a low computational cost, the aim is to maximize the performance of the NES (i.e. minimize the
region parameter of unmitigated regimes), by optimizing its design parameters taking into account uncertain
parameters.

NES has been extensively optimized in a deterministic context (see e.g. [9]), but there is very little work
performing optimization of NES under uncertainties in general [10] and for mitigation of self-excited vibrations
in particular [11]. In the latter, the authors have developed a methodology of optimization under uncertainties
of a NES attached to a two-degree-of-freedom airfoil. In the present work, a robust optimization tool based on
the Multi-Element generalized Polynomial Chaos (ME-gPC) is developed.

The article is constructed as follows: in Section 2, the two degrees-of-freedom Hultèn’s model coupled
to two NESs is presented. In Section 3, the steady-state of the system as well as the discontinued profile are
introduced. The optimization formulation under uncertainties is formulated in Section 4. Section 5 describes
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Figure 1: (a) Mechanical system with NESs. (b) Zoom on the NES1. (c) Zoom on the NES2.

the polynomial chaos theory and the used stochastic optimization algorithm. The results of the optimization
methods are presented in Section 6. Finally, conclusions are given in Section 7.

2 The mechanical system

The mechanical system considered in this work is composed by the two degrees-of-freedom (DOF) Hultèn’s
model [4, 5], which represents the primary system, coupled to two identical NESs with masses mh, damping
coefficients ch and cubic stiffnesses kNL

h . The NESs are attached on the primary system in an ungrounded
configuration as shown in Fig. 1.

The equations which describe the mechanical system are given by :

d2x1

dt2 +η1ω1
dx1

dt
+ω

2
1 x1− γω

2
2 x2 +ϕ1x3

1− γϕ2x3
2+

µω1

(
dx1

dt
− dh1

dt

)
+ξh (x1−h1)+ϕh (x1−h1)

3 = 0 (1a)
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(
dh2
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− dx2
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)
+ξh (h2− x2)+ϕh (h2− x2)

3 = 0, (1d)

where h1(t) and h2(t) (respectively x1(t) and x2(t)) represent the NESs displacements (respectively the displace-
ments of the primary system), ηi = ci/

√
mki, ωi =

√
ki/m, ϕi = kNL

i /m (with i = 1,2), ε = mh/m assuming
0.01 < ε < 0.1 , ξh = kh/m, µ = ch/

√
mk1 and ϕh = kNL

h /m.
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Figure 2: Numerical integration in the direction x1 of the Hult‘en’s model without NESs for two values of the
friction coefficient: (a) Times series; (b) Representation in the phase plane.

3 Preliminary results

3.1 Vibratory levels and possible steady-state regimes

A example of the numerical simulation of the system without NESs is plotted in Fig. 2 for two different
values of the friction coefficient: γ = 0.3 and γ = 0.4. The other parameters are

ω1 = 2π100, ω2 = 2π85,
η1 = 0.02, η2 = 0.06, ϕ1 = 105, ϕ2 = 0,
ε = 0.05, ξh = 0.001, µ = 0.02, ϕh = 1.4 ·105.

(2)

Moreover, the initial conditions are small perturbation of the trivial equilibrium position: x1(0) = x2(0) = 0,
ẋ1(0) = ẋ2(0) = 10. When γ = 0.4, Limit Cycle Oscillations (LCO) are observed. We focus our analysis on the
capacity of the NESs to suppress or mitigate these LCOs.

Four main types of steady-state regimes can be generated when two NESs is attached on the: complete sup-
pression of the instability, mitigation through Periodic Response (PR), mitigation through Strongly Modulated
Response (SMR) or no mitigation.

An illustration of these regimes is shown in Fig. 3 which plots the displacements x1(t) with respect to times
with and without the NESs. Hereafter, mitigated regimes referred to complete suppression, PR and SMR.

3.2 The objective function

We define the amplitude AwNES
1 of the variables x1 of the coupled system Eq. (1) and within a steady-state

regime as

AwNES
1 =

max
[
xSSR

1 (t)
]
−min

[
xSSR

1 (t)
]

2
, (3)

where xSSR
1 (t) is the times series of the variables x1 obtained from the numerical integration of the coupled

system Eq. (1) within the steady-state regime1.
The amplitudes AwNES

1 and AwoNES
1 (i.e. the amplitude of the system without NESs) are plotted as a function

of the friction coefficient γ in Fig. 4 for the set of parameters Eq. (2).
The figure highlights a jump (or discontinuity) in the amplitude profile AwNES

1 . This discontinuity cor-
responds, when γ increases, to the transition from SMR to no suppression regimes and separates mitigated
regimes and unmitigated regimes.The value of γ at the jump is called mitigation limit (with respect to γ) and
denoted γml .

1The calculation was performed on 4 seconds in order to be sure that the steady-state has been reached.
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Figure 3: Comparison between time serie x1(t) resulting from the numerical integration of the braking system
with and without NESs. (a) Complete suppression, γ = 0.16; (b) Mitigation: PR, γ = 0.18; (c) Mitigation:
SMR, γ = 0.2; (d) No suppression, γ = 0.22. The set of parameters Eq. (2) is used.

Then the Propensity of the system to undergo a Harmless Steady-State Regime (PHSSR) of the oscillation
by the NESs is estimated. We compute a set of Stotal samples of the uncertain parameters within the considered
uncertain space and following their distribution law. Then, the PHSSR is defined as follows

PHSSR =
SHSSR

Stotal
×100 (4)

where SHSSR is the number of samples within the region of uncertain parameters space in which the LCO of the
system is mitigated or the system is stable.

The PHSSR represents the objective function of the study.

4 Optimization Formulation under uncertainties

The sensitivity of the friction coefficient is such that the steady state of the mechanical system is discon-
tinuous and presents a jump. This jump induces areas in which the efficiency of the NES is either high or low.
In order to obtain a robust design of NES which is insensitive to the dispersion of the uncertain parameters, a
stochastic optimization problem is considred as follow:
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Figure 4: Amplitudes AwNES
1 and AwoNES

1 as a function of the friction coefficient γ .

Maximize PHSSR (AwNES
1 (xd ,xu))

Subject to x(min)
d 6 xd 6 x(max)

d (5a)

(5b)

where

• xd represents the design variables of the NES with lower bounds x(min)
d and upper bounds x(max)

d .

• xu represent the uncertain parameters of the primary system.

5 Optimization Algorithm

In order to solve an optimization problem under uncertainties, the determination of the LCO of the me-
chanical system need to use a stochastic method to take into account the uncertain parameters. In this work, the
Multi-Element generalized Polynomial Chaos is used as an alternative approach to reduce the computational
cost of the traditional methods (Monte Carlo or deterministic simulations).

5.1 Polynomial Chaos theory

5.1.1 generalized Polynomial Chaos

The gPC theory [12, 13] allows to express a random process X(ξ ) called also the Quantity of Interest (QoI)
with a truncated orthogonal polynomial function series such as

X(ξ )≈
Np

∑
j=0

x̄ jφ j(ξ ), (6)

where:

• x̄ j are the gPC coefficients of the stochastic process X(ξ ),

• φ j(ξ ) are orthogonal polynomial functions,

• Np =
(p+r)!

p!r! −1 where p is the order of the gPC and r is the number of the uncertain parameters,

• ξ (ξ1, ...,ξr) is a vector of r independent random variables within[−1,1]r.
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5.1.2 Multi-Element Generalized Polynomial Chaos (ME-gPC)

The ME-gPC consists to split ξ into a collection of m non-intersecting elements and to approximate the
stochastic process X(ξ ) using the gPC in each element [14]. It is given by

X(ξ )≈
m

∑
k=1

Xk(ξ̄
k)Jk, (7)

where

• Xk(ξ̄
k) =

Np

∑
j=1

x̄k, jφ j(ξ̄
k) where ξ̄ k is an uniform random variables corresponding to the kth element,

• Jk is the element size.

We denote by σ2
p,k the variance of the QoI estimated in the kth element directly from the gPC coefficients

as:

σ
2
p,k =

1
2r

Np

∑
j=1

x̄2
k, j
〈
φ

2
j
〉
. (8)

5.2 Proposed algorithm

The ME-gPC metamodel would not be efficient in its initial configuration due to the presence of discon-
tinuities. In fact, the goal is not to obtain an accurate representation of the response of the system, but to be
able to locate the discontinuity. Figure 5 shows the different steps of the ME-gPC based method to detect the
jump. The method consists to split the stochastic parameter space into two equal non-intersecting elements and
to evaluate in each element the amplitude of displacement of the system. Then, the verification of the presence
or not of discontinuity is addressed according to the comparison of the variance σ2

p,k to a chosen threshold θ1.
The process stops either if the element size reaches a threshold

Jkmin = θ2 Jk0, (9)

where Jk0 represents the size of the initial element or if the number N′ of numerical simulations required with
the ME-gPC based method is smaller than the typical number N of simulations required with the reference
method. The mitigation limit is, therefore approximated by the upper bound of the last found element and then
the robust evaluation of the PHSSR is calculated.

6 Results

In this work, the friction coefficient γ is considred as the uncertain parameter (xu) and the damping rate of
the NES µ as the design variables (xd).

6.1 Reference study

In this section, the reference is evaluated with the deterministic model (1). In the first case, 50 deterministic
samples of the damping rate of the NES (µ ∈ [0,0.04]) are used. For each sample of µ , 1000 samples of
the friction coefficient (γ ∈ [0,0.4]) are used in order to determine the mitigation limit γml. The number of
simulations is therefore equal to 50000 (50 × 1000). Fig. 6(a) shows the variation of the mitigation limit as a
function of µ . Because of the presence of a plateau, we realize that the number of samples of γ is not sufficient
to determine the optimal design value of µ . For that, 10 added deterministic samples of the damping rate of the
NES (µ ∈ [0.02,0.03]) with now 10000 samples of the friction coefficient γ to determine the mitigation limit.
The total number of simulations required is now equal to 150000 (50000 + 10 × 10000). Fig. 6(b) shows the
new variation of the mitigation limit as a function of µ . In this case, the maximum (i.e. optimal) value of γml is
0.2004 which gives a maximum value of PHSSR equals to 50.1%. The corresponding optimal design value for
the damping rate is µRef

opt = 0.024.
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Figure 5: Algorithm of the ME-gPC based method to identify the mitigation limit.
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Figure 6: Variation of the mitigation limit as a function of the damping ratio of the NES (µ) by the deterministic
method. (a) 50 samples of µ ∈ [0,0.04]; (b) 10 added samples of µ ∈ [0.02,0.03].

6.2 Optimization using the ME-gPC based method

In this section, the algorithm presented in Fig. 5 is applied to estimate AwNES
1 (the considered QoI) and

then the mitigation limit and the PHSSR. The gPC order is p = 1 and the threshold θ1 = 2.10−3%. Fig. 7
shows an example, with a given value of µ , of the algorithm described in Section 5.2. As described above, the
mitigation limit is approximated by the upper bound of the last found element. Now, 50 deterministic samples
of the damping rate of the NES (µ ∈ [0,0.04]) are used. The samples of the friction coefficient γ are built
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Figure 7: Last step of the ME-gPC based method to identify of the mitigation limit (γml).

using the Latin Hypercube Samples (LHS) method. Fig. 8(a) shows the variation of the mitigation limit as a
function of µ with θ2 = 1%. In this case, the number of simulations is equal to 6547. The optimal value of µ

is in the interval Iopt,1 = [0.016,0.032]. In order to reduce the size of Iopt the threshold θ2 and the mitigation
limit is determined within Iopt,1. Fig. 8(b) shows the variation of the mitigation limit as a function of µ with
θ2 = 0.1%. The added number of simulations is equal to 2766 and the optimal value of µ is in the interval
Iopt,2 = [0.019,0.026]. Fig. 8(c) shows the variation of the mitigation limit as a function of µ with θ2 = 0.05%
used within Iopt,2. In this case, the added number of simulations is equal to 1395 and the optimal value of µ is
now in the interval Iopt,2 = [0.0208,0.0248] = 0.0228±8%. This interval has a midpoint equal to 0.0228 which
gives a relative error equal to 5% compared to the reference. The total number of simulations is equal to 10708
which represents 14 times less than the reference.

7 Conclusion

In this paper, the optimization of two NESs attached to the two degrees-of-freedom (DOF) Hultèn’s model
is presented. It accounts the discontinuity presented in the steady-state profiles using a stochastic optimization
method. The results show the efficiency of the ME-gPC based method to detect the discontinuity and therefore
the so-called mitigation limit. This allows us to provide an optimal design of the NESs with a low computational
cost compare to that the deterministic optimization reference method.
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